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SCHEME TO FUNNEL ION BEAMS *
WITH A RADIO-FREQUENCY QUADRUPOLE

R. H. Stokes and G. N. Minerbo,t MS H817
Los Alamos National Laboratory, Los Alames, NM 87545

ABSTRACT

We describe a proposed method to funnel ion beams using a new
form of the radio-frequency quadrupole (RFQ) structure. This RFQ
accepts two bunched ion beams and combines them into a single final
beam with interlaced microstructure pulses. It also provides
uninterrupted periodic transverse focusing to facilitate the
funneling of beams with high current and low emittance.

INTRODUCTION

Several new linear-accelerator applications require output ion
beams with very high current and small transverse emittance. The
transverse beam brightness (heam current divided by the product of
the x- and y-emittances) is often used as the figure of merit, and
the design objective i1s to obtain a very high brightness output
beam. When 1linear-accelerator channels operate near their
space-charge 1imit, one method to increase brightness is to combine
the beams from two (or more) space-charge-limited channels. The
resultant beam would have interlaced microstructure bunches and
would be suitable for further acceleration in :{ 3iinac operating
with twice the frequency. This operation has been called funneling
and was first proposed as a necessary part of the rf 1inac approach
to heavy-ion fusion.* Ir the funneling of two beams 1s
accomplished with no transverse emittance growth or beam loss, the
resulting team will have twice the current and twice the brightness
of the beams that are combined. Increasing beam brightness through
funneling requires no improvement in the ion source or accelerator
techniques used before the funneling process.

In some applications, to meet brightness requirements, one
could use arrays having mu tiple beams traversing the whole
accelerator system with the final beams all focused to a common
target spot. If the required brightness were not too high,
funneling to combine multiple beams as early as possible would be
especially advantageous 1. large acceierators where most of the
acceleration could then be provided in a minimum-cost single-beam
accelerator. In general this single-beam accelerator would he less
complex and would require less rf power than designs that carry all
the initial beams through the entire accelerator system. A
funn21ing tree to combine four beams is shown in Fig. 1. In
prartice, funneling to increase beam brightness 1; a difficult

*Work supported by the US Department of Energy.
tNow with Schiumberger, Houston Engineering Center.



--F—‘Eg-— FUNNEL —™ LINAC
RFQ |—» \
FUNNEL | LINAC
RF
L P9 FunnEL | Linac |/
RFQ [—

Fig. 1. Funneling tree.

design problem. Initial work using discrete optical elements has
been done by Bongardt2? and by Guy and Wangler.?

In 1981, we suggested® that 1ion beams could be funneled
with an RFQ c¢f special design. This paper discusses use of this
RFQ for the funnel stages (shown in Fig. 1) immediately following
the RFQ accelerators. In a funneling tree, the first type of
funnel following the RFQ accelerator is present in greater numbers
than all other types combined, so i1t is especially important that a
capable and efficient design be developed. Instedad of discrete
optical elements, we propose to funnel entirely within the special
RFQ structure so that the beams are always ccntained by
uninterruptad periodic focusing. Beams with high space charge
experience irreversible emittance growth when they emerge from a
periodic focusing system or when their focusing periodicity Iis
abruptly changed. To alleviate this problem, in the proposed
funneling scheme 1t should be possible to provide uninterrupted
focusing with the same periodicity as that of the accelerators
preceding the funnel. Also, instead of conventional deflection
systems, we propose to use the properties of the special RFQ
structure to deflect two parallel beams toward each other and to
merge them into a single final beam. This funneled beam would then
be suitcble for further acceleration in a l1inac with twice the
frequency of the FQ) funnel. The 1nitial RFQ accelerator, the RF(Q
funnel, and the following l1inac would all have every longitudinal
bucket filled with don bunches, and the capability of the
accelerator system would be fully utilized.

BEAM DEFLECTION IN PERIODIC FOCUSING CHANNELS

Our first objective was to devise a method to produce
transverse deflections of a beam traveling in a periodic focusing
system such as an RFQ. We found that f{ntroducing periodic
transverse displacements of the focusing and defocusing lenses was
very effective in prnducing a deflecting force. To develop this
idea, we used the thin-lens array shown in Fig. 2. The input beam
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Fig. 2. Periodic thin-lens array used for simulation.

first traversed a focus lens whose center was displaced in the plus
x-direction by an amount a. Next was a defocus lens displaced in
the minus x-direction by the same amount, etc. The lenses had
focal length f and were equally spaced with focusing period t.
This arrangement produces a net force on the beam in the plus
x-direction. To determine the beam optical prcperties, we
performed single-particle simulations. We 1learned <ihat such
alternating lens displacements produce a displaced neutral axis
about which sinusoidal betatron motion takes place. The betatron
frequency 1s 1independent of a; thus, in the spirit of the smooth
approximation, there exists a constant average transverse force,
and the betatron motion corresponds to that of a blased, simple
harmonic oscillator.

In Fig. 3, the curve labeled a = 0 shows the usual betatron
motion about the z-axis. The particle started at the origin with a

FOCUS PERIODS

Fig. 3. Particle trajectories showing the effect of
transverse lens displacements. With a = 0, the betatron
motion 1s centered on the z-axis. With a = 0.3, the motion
1s centered about a displaced neutral axis.



positive initial slope and the parameters were a = 0, f = 16, and
L = 10. The betatron period is 20 focus periods and the curve is
plotted through the points of maximum flutter motiun. Also in
Fig. 3, for f = 16 and 2 = 10, we show a curve for transversely
displaced lenses with a = 0.3. The particle started at the
origin with zero slope, and again the curve was plotted through the
points of maximum flutter. The curve 1+ sinusoidal about a
displaced axis and has the same betatrcn frequency 2s for a = 0.
In Fig. 4, we have plotted this same a = 0.3 curve in more
detail, along with an explanation of the motion. The top and
bottom curves are drawn respectively through the maxima and the
minima of the flutter motion. The average of these two curves is
symmetric about the dashed neutral axis that is displaced frcm the
z-axis by Xq- Note that the trajectory flutter is zero on the
z-ax1s, increases to ta at x = xg, and to #*2a at x = 2x4. The
left part of the figure explains these effects. In the smooth
approximation, the transverse forces are proportional to the
amplitude of the flutter motion. The trajectory flutter produces a
restoring force proportional to the displacement from the z-axis.
The lens flutter produces a constant (dipole) force of magnitude
proportional to a, and these forces balance at x = xg4,
producing the displaced neutral axis. The algebralic sum o? forces
from the two types of flutter then produces a restoring force that
is 1inear relative to displacements from the neutral axis. Further,
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Fig. 4. Results of a thin-lens simulation with transverse
alternating lens displacements of amplitude «. Initially,
the particle was injected with zero slope at the origin. The
uypper and lower curves are plotted through the maxima and the
minima of the trajectory flutter. The betatron motion is
sinusoidal about the displaced neutiral axis with a period
independent of ao. Amplitudes of the trajectory flutter,
lens flutter, and their sum are shown on the left.



the betatron frequency is independent of a, S0 that the focusing
properties are preserved.

To confirm that a displaced neutral axis exists, we simulated
a particle starting at x = x4 + a. For a proper choice of
initial slope, the particle traveled along the lens system with
flutte half-amplitude equal to a« and with zero betatron
amplitude, showing that forces from the lens and trajectory
flutters exactly balance. It can be shown that the reutral axis
displacement for this thin-lens system {is x4 = Baf/L.

Next, we formulated a smooth-approximation calculation to
describe these effects. The calculations correspond to an rf
quadrupole focusing system that has successive lenses displaced
transversely from the z-axis. We used a sine-wave displacement
function of amplitude a and space period B\ = 2«¢v/w, where
v is the particle velocity and o is the rf quadrupole operating
frequency. The appropriate differential equation 1s

d2x
M= +K(x -asin ot) sinwt =0 , (1)
dt?

where K is the spring constant and M the particle mass. If

a= 0, Eq. (1) reduces to one form of the Mathieu equation used

to describe periodic focusing. We assume a solution of the form
x=Rsin Qt + S sin wt + Xq (2)

where the first term represents the betatron motion, the second

term the flutter, and x4 is the displacement of the neutral

axis. If we take R>>S, and »>>Q (the smooth approximation), we
obtain

w 2

S-(u—o)(Rs1nm+x 2

d) . where ©, = K/M
After substituting this into Eq. (2), Eq. (2) into Eq. (1), and
then averaging the terms over one rf period, we find the equation

satisfled 1f both

o M
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2
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2
J2 ®
Q . And Xq = c(%;) - m(a) . (3)

First we see that the betatron frequency @ 1s independent of

a. Next we observe that x4 is equal to a multiplied by the
factors (V2/2)(w/R). Because w>>R, then x4>>a, which
demonstrates that small transverse displacements are very effective
in producing large displacements of the neutral axis. Although we
have used the smooth approximation to obtain simple expressions for
Q and x4, neither the beam manipulations discussed below nor
the funneling scheme discussed later are necessarily limited to the
ragion where the smooth apprcximation is valid.



Now we discuss the use of this deflection force to sidestep a
beam from the 2-axis to a displaced parallel axis. In doing this,
we must use a method that does not 1induce additional betatron
motion that would increase the beam emittance. One possible method
is to start with a particle moving along the 2-axis and, at the
origin, turn on an initially constant value of o to induce a
half-period betatron motion. When thls excursion reaches its full
amplitude, we then suddenly double the value of a to move the
neutral axis to a point equal to the betatron amplitude. This
procedure results in the displaced trajectory shown in Fig. 5,
curve (a), where the curve 1is the mean of the flutter motion.
After a has reached its final salue of 0.6, this trajectory has a
residual betatron amplitude of only 0.05% for the particular manner
in which o was programmed. Alternatively, the particle couid be
injected along the displaced neutral axis with x = 7.7 and
a=0,6. Then by reducing « in a programmed manner, the
particle could be brought to the z-axis with zero slupe. This
sidestep maneuver forms one-half of the funneling scheme that 1in
the next section will be extended so that two beams can be brought
to a common z-axis. Also shown in Fig. 5 are curves (b) and (c)
for which the motion was started with initial * slopes. The
amplitude of the resulting betatron motion about the displaced axis
is equal to the case with a = 0, showing that the sidestep
maneuver produces no increase in the transverse emittance.

Fig. 5. Sidestep maneuver to
displace a beam without
increasing the transverse
emittance. Particle (a) is
injected with zero slope at
the origin. Initlally, a
constant transverse force is
applied through an alternating
lens displacement of amplitude
a=0.3, After one-half
period of the betatron
motion, the value of a 1is
doubied to make the neutral
axis coincide with the

— —_- . Fetatron maximum amplitude.

o6l The result 1s a trajectory

N /ﬁ | displaced 7.7 units from the
' z-ax1s with negligible

0g— - - S— residual tetatron amplitude.

Particles (b) and (c) are
injectea with finite slope.
They have the same amplitude
as when a = 0.

FOCUS FcRIODS



RFQ POTENTIAL FUNCTIONS

The conventicnal RFQ accelerator was proposed and developed in
a somewhat unusual manner.3.¢ Instead of 1nitially
specifying the electrode geometry, a potential funciion was
synthesized to give electric fields with the required
beam-dynamical properties. Then, both the electric-field
distributions and the isopotential shapes corresponding to the RFQ
poles were derived from the potential function. We follow the same
procedures in developing a new type of RFQ structure that has the
beam-dynamical properties needed to funnel ion beams.

The standard RFQ accelerator potential function can be written
in cylindrical coordinates (r, ¢, 2) as

2
U= % [X () cos 24 + AI_(kr) cos kz] sin (ot + ¢) (4)

where V 1s the maximum potential difference between adjacent pole
tips and k = 2«/BA. Note that the I, Bessel function is even
and symmetric in x and y. To provide a deflection force in the
x-direction, we require 1, to be replaced with 2 function that is
odd in x and independent of y. Also, the potential function chosen
must satisfy Laplace's equation. One example meeting these
requirements is

2 2
U = % [C<%——%4!—> + D sinh kx cos kz] sin (wt + ¢) , (5)
a

where the quadrupole focusing term is the same as in Eq. (4) but
written in x-y coordinates. Another poteniial function is
discussed in Appendix A.

Tie electric field components calculated from Ea. (5) are

_Lv ., ko .o . kDV
Ex' az X > cosh kx cos kz , Ey a2 Yy Ez‘ ) sinh kx sin kz ,

with each component multipiied by sin (wt + ¢). The second
term In the expression for E, produces a deflection force. The
field averages taken over a B period, for a synchronous particle
with x and y held constant, are
Ex = - E%! cosh kx sin ¢ , Ey =0, Ez = 5%! sinh kx cos ¢ .
Figure 6 compares the x-z plane pole-tip shape of the
funneling RFG with that of the conventional RFQ accelerator. The
pole-tip shape of a funneling RFQ 1s discussed in Appendix B. The
results of a numerical computation in the x-z plane are shown in
Fig. 7. For the same parameters as Fig. 7, Fig. 8 shows the
pole-tip shape in the x-y plane fer three values of z. The
transverse displacement of the pcle tips in the r-direction with
period Bx 1s the analogue of the thin-lens displacements of
Fig. 2.
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Fig. 6. Comparison of pole shapes in the x-z plane for an RF(Q
accelerator and for an RFQ deflector that can be used to
funnel ion beams.
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Fig. 7. Computed RFQ funnel pole-tip shape in the x-z plane.



Fig. 8. An RFQ funnel pole-tip shape in the x-y plane at the
beginning (a), middle {(b), and end (c) of a unit cell of
length BA/2. The curves are from a numerical solution of
Eq. (A-1) for a =1, m=1.5 and B\ = 10. The polarities
shown correspond to a bunched beam with ¢ = -90°, In
addition to the usual quadrupole focusing forces, the beam
wil) experience a deflecting force in the positive x-direction.

1f we use the furce corresponding to the above expression for
Ex. the Mathieu equation becomes

dzx qCvV 2’

— ¥ > {x + “>— cosh kx cos kz] sin (ot + ¢) = 0 . (d)
dt Ma

From a smooth-apprcximation calculation for a particle with
synchronous velocity (kz = wt) &and for kx << 7, so that

cosh kx = 1, we obtain expressions for the betatron frequency Q
and for the displacement of the neutral axis xy4:

¢
0. 2% < = ofe : £ (2)
- 2 w ! d—cwo -ZQQ'
where now
2
w2 -y . and a = - ka D sin ¢
0 Ma2 C

These expiessions show that the position of the neutral axis is
proportional to -sin ¢. 1"~ we introduce a bunched ion beam with
¢ = -90°, x4 is positive and these ions can travel along their
positively dispnlarced neutral axis parallel to the z-axis. If
another ion beam contains bunches with ¢ = +90°, x4 15 negative
and these ions can travel along their negatively displaced neutral
axis parallel to the z-axis. Therefore, we can inject two bunched
beams having their microstructure bunches displaced by

Az = Brn/2 and have 1hem travel along separate parallel
trajectories displaced #xy from the z-axis. Both displaced
beams will be transversely focused with the same strength about



their respective neutral axes. We can then funnel by reducing the
deflection parameter D to zero (by decreasing m, the pole
modulation parameter, to unity). This enables us to bring the two
beam. to the z-axis 1in a proyrammed manne;r that induces no
additional betatron amplitude. The transverse focusing s
maintained for both beams throughout this process.

Beams injected into an RFQ funnel must be closely spaced to
allow the RFQ aperture to be as small as possible. The beams could
originate in a conventional RFQ structure that has a single rf
resonator with multiple RFQ channels. Also, the two preczding
accelerator channels could be designed with a sidestep neecr the
output to bring their beams closer to the z-axis of the funnel. If
the initial beams are not closely spaced, two RFQs based on Eq. (5)
can be used to "pipe" the individual beams to the RFQ funnel.
Alternativelv, a periodic focusing system of static electric or
magnetic quadrupoles (with their centers having programmed periodic
transverse displacements) could be used, together with appropriate
bunchers to prepare both beams for the final funneling operation.

A septum magnet placed just before the funnel may alsn be necessary.

The expression for E, is similar to that of a conventional
rf 1inac ‘or which the expression would be E4T cas 4, where Eq is
the space average accelerating field and T 1s the transit-time
factor. Because sinh kx i1s positive for positive x-displacement,
such a heam will be bunched in a manner similar to a conventional
11inac beam with the added feature that the bunching forces are
proportional to sinh kx. For ¢ = -90°, the beam with positive
x-displacement will experience both maximum positive-displacement
forces and maximum bunching. Similarly, for ¢ = +90°, the beam
with negative x-displacement will experience both maximum
negative-displacement forces and maximum bunching. The operating
points for these two displaced beams are shown as asterisks in the
Fig. 9 diagram, which portrays the ful?) range of possible operating
conditions. As the two beams approach the funneling vertex, the
bunching forces are reduced to zero. If simulaticon studies show
this to be a serious problem, it may be possible to devise an
auxiliary method to maintain adequate bunching 1in the vertex
region. One method to avoid possible debunching effects is to
funnel rapidly. 1In the next section, we show an example where only
one-fifth of a betatron period is requir:od. Another possibility is
to excite the poles of the funneling RFQ with bath the fundamental
and twice the fundamental frequency. The additional frequency
would allow th2 superposition of nole-tip modulation required to
produce cnrnventional bunching forces on the micrestructure pulses,
which now have BA spacing at the double frequency. The bunching
force would have an I, Bessel function radial dep~ndence and
would be effective &t all radii within the RFQ bore.

This type of structure can also serve as a two-beam
accelerator. Two beams having bunches spaced BA/2 can be
injected along neutral axes displaced from the z-axis by ixq.
For example, if the RFQ 1s designed so that the beams at +xq has
¢ = -45°, and the beam at -x4 has ¢ = +135°, the expression for
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E, and E, show that both beams will be accelerated, in addition to
being bunched, focused, and held in displaced trajectories.

FUNNELING EXAMPLE

If we neglect space charge, funneling trajectories can be
obtained by integrating both the transverse equation, Eq. (6), and
the equation obtained using the longitudinal field (%

2

g—% _ VKD ynp kx sin kz sin (ot + @) = O
dt Z2M

An unoptimized set of parameters was chosen to demonstrsz e the
general properties. Protons of 2-MeV energy entered a 100-MHz RFQ
funnel with an aperture parameter a/v/C = 33 mm. 7he peak voltage
between RFQ poles was 264 kV, corresponding to a peak surface field
of about 10 Mv/m, and a betatron phase advance of 15° in the focus
period of Bx = 196 mm. The results are <hown 1in Fig. 10(a).
Particles are 1injected along 2xxq with ¢ = 790°, and each
particle follows its neutral axis until a deflection force is
introduced at z/(BA) = 2.75 to deflect them toward the z-axis.
This force 1s generated by programming the parameter a, which
changes the deflection parameter D. The variation of « 1s shown
fn Fig. 10(b). To funnel rapidly, large changes are made in o to



irst deflect both particles toward the z-axis, and then at
2/(B\) = 4.75, o 1s reversed in sign to provide both particles
with a defiection force away from the z-axis. Finally, at
z/(B\) = 7.75, o 1s made equal to zero at the funneling vertex
where both particles have reached the z-axis with zern slope. The
forces required to funnel extend from z/(BA) = 2.75 to 7.75. or
5.C focus periods. The betatron period is 24 focus periods, so
that the funneling operation required 21% of a perfod. 1la his
example, there was no change in the longitudinal velocity because

synchronous particles of ¢ = +90° were injected so that Ez = 0.
Figure 10{a) also shows the RFD pole-tip shape in the x-z plane.
The cross-hatched poles are plc..>d with the same vertical scale as
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Fig. 10. RFQ funnel calculated trajectories. In Part (a), parti-
cles are 1injected on either side of the z-axis with ¢ = $90°. They
are then deflected so that they reach the axis with zero sione to
form a collinear beam of interlaced microstructure pulses. Part (b)
shows the programming of the lens displacement parameter o necessary
to provide the appropriate defiections. Ouring the process, all
particles will be subject to uninterrupted transverse focusing
toward their respective central trajectories.



that of the particle trajectories. At two places, the pnles have a
sharp cusp-l1ike shape that would not be accept.ble from the
standpoint of rf breakdown criteric. These cusps are an artifact
of using square-wave programming for o. This situation can
easily be avoided by appropriate smoothing.

Another set of calculated trajectories is shown in Fig. 11(a),
with the programming of x for ¢ = -90° shown in Fig. 11(b). To
11lustrate the effectiveness of the transverse focusing throughout
the funneling process, we initiated all the trajectories one-half
betatron wavelength ahead of the funneling vertex. First, trajec-
tories with zero betatron amplitude were calculated for beams on
either side of the z-axis. Then for positive x, two trajectories
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Fig. 11. Demonstration of the transverse focusing properties of the

RFQ funnel. 1In Part (a), trajectc.-ies were calculated for particles

injected one-half betatron wavelength ahead of the funneling vertex.

A1l trajectories reach the z-axis at the funneling vertex, which

shows the continuous nature of the transverse focusing with negligi-

ble effects from field nonlinearities. In Part (b) the programming
of a 1s shown for ¢ = -90°.



with finite betatron amplitude were calculated to observe the effect
of transverse focusing on a beam of non zero emittance. Both tra-

jectories reach the z-axis at the funneling vertex. This result is
similar to Fig. 5, except that electric field nonlinearities whose

magnitude depend upon kx could perturb the betatron period and pro-
duce emittance growth. For the trajectories of Fig. 11, kx varied

from 0.63 to zero; and the absence of nonlinearity effects suggests
that RFQ funneling can be accomplished at appreciably large values

of kx. This means that beams can be combined in a funnel of reason-
ably large aperture without requiring especially high fon velocities
or low RFQ frequencies.

The funneled beam has unusual transverse phase-space
characteristics. At the funnel output in a specific transverse
plane, successive microstructure pulses have alternating phase-
space ellipse parameters. In this situation one must use time-
varying optical elements to match the beam. One possibility is to
use a radial matching section® similar to that used at the input of
an RFQ accelerator. Adding such a radial matching section tn the
RFQ funnel output will make all pulses have identical ellipse
parameters and will produce an output beam equally divergent 1in
both transverse planes. Then, a solenoid to produce a convergent
beam will allow it to be matchad to an RFQ accelerator operating
with frequency 2f. The 2f RFQ accelerator would consist of an
input radial matching section, a rebuncher, and a final accelerator
section that could feed another funnel or on Alvarez linac.

CONCLUSION

To funnel high-current, low-emittance 1on beams at low
velocities, we have proposed a new type of RFQ structure and have
investigated 1ts beam-dynamical propeities. This RFQ provides
strong electric perifodic focusing to the ion beams, and at the same
time provides the transverse deflection forces necessary to merge
two bunched beams into a single beam with interlaced microstructure
pulses. The mechanical and rf design for the RFQ funne: should be
greatly facilitated by the widespread active development of the RFQ
accelerator. It should be feasible to apply existing technology ip
the areas of pole-tip construction, resonator design, and rf
power. Also, RFQ accelerator beam-dynamics design and analysis
techniques such as the RFQUIK and PARMTEQ programs can be adapted.
These practical considerations, as well as the intrinsic properties
of the RFQ funnel, should make 1t an attractive candidate for
increasing beam brightness.

APPENDIX A
ALTERNATIVE FUNNELING POTENTIAL FUNCTION

A second RFQ potential function that may be useful for
funneling is

U= % 16 ZE% + H sinh kx cos kz] sin (wt + ¢)



The seccnd term is identical to that of Eq. (5), but the quadrupole
focusing term has been rotatad 45° about the z-axis. In this case,
periodic modulation of the poles in the y-direction produces
deflection forces in the x-direction. This is a new geometry that
could be advantageous 1in certain applications. Using the above
potential function allows replacement of one pair of poles by an
isopotential conductor 1irn the y-z plane, which permits
acceleration, bunching, and focusing of a single displaced beam
with only two poles, plus the isopotential plane.

APPENDIX B
FUNHELING RFQ POLE-TIP SHAPES

To find the shape of the isopotential surfaces of the RFQ
pales, we use Eq. (5) and set U(max) = V/2 to obtain

QE (x2 - yz) + D sinh kx cos kz = 1 . (A-1)
a

Let y = 0 and set x = a for 2z =0, and x = ma for z = f\/2. We
then obtain expressions for the coefficients C and D:

2
C=1-0sinh ka , pm 5—2—
m-sinh ka + sinh mka
Numerical solutions of Eq. (A-1) were used to calculate the
electrode shapes shown in Figs. 7 and 8. Although these figures
for 11lustration use a large value of the deflection parameter m,
often much smaller valu2s will be sufficient to produce the desired
deflection force. For example, 1f the phase advance per focusing
period 1s 36°, ka = 0.1, and ¢ = -90°, the neutral axis is
displaced by a/2 if m = 1.14,
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